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I Objective: given a population [n] := {1, ..., n} and a subset D ⊂ [n]
of defectives, we aim to recover D via the smallest possible number
of pooled tests

I Setting:

1. ∀i ∈ [n]: item i appears in any given test independently with
probability p = α

d

2. α
d
guarantees a constant probability of finding ≥ 1 defective in a

given test pool

3. Very sparse regime: d = Θ(nθ), θ ∈ (0, 1), n→∞, d →∞

4. Test is positive iff ≥ 1 defective is present

5. Exact recovery
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I Thresholds: For a decoding algorithm A,
NA := min. number of tests for exact recovery w.h.p.

I Performance measure: number of bits of information on D
retrieved per test, computed as RA :=

log2 (n
d)

NA

I Design parameters:
1. q ∈ (0, 1) (dilution noise level)

2. α = log 2
1−q

(optimal in high noise)

I Main results I: Achievable Bounds for the NCOMP algorithm

I Main results II: Information-theoretic converse bounds
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Theorem I (Achievable bound for NCOMP)

For dilution noise q ∈ (0, 1), α = log 2
1−q ,

NNCOMP
<∼ d log n · (1 + o(1))

(1− q)
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1. Notation: ∀i ∈ [n], define
P+
i := #{positive tests containing i},Gi := #{tests containing i}

2. Noise-sensitive decoding with slack: ∀i ∈ [n] : NCOMP(i) = 1 if

P+
i ≥ Gi · (1− q · (1 + ∆))

for a design parameter ∆

3. Error probabilities: let P(err)
− := P(∃i ∈ [n] : NCOMP(i) = 0 | i def)

(similarly for P(err)
+ )

4. U.B. + concentration: derive sufficient conditions on NNCOMP s.t.
limn→∞ P(err)

− ,P(err)
+ = 0

5. Parameter tuning: choose optimal ∆ to satisfy both conditions, for
α = log 2

1−q
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Theorem I (Achievable bound for NCOMP)

For dilution noise q ∈ (0, 1), α = log 2
1−q ,

NNCOMP
<∼ d log n · (1 + o(1))

(1− q)

*Previous achievable bounds in dilution noise [2], [3]:

NA
<∼ d log n · (1 + o(1))

(1− q)2



17/22

Theorem II (Algorithm-independent converse bounds)

For dilution noise q ∈ (0, 1), α = log 2
1−q , and for any decoder A,

NA
>∼

log2
(
n
d

)
· (1 + o(1))

1− EZ∼P(α) [Hb (qZ)]

where Hb(ρ) = ρ log2

(
1
ρ

)
+ (1 − ρ) · log2

(
1

1−ρ

)
is the binary

entropy function and P(α) denotes a Poisson(α) distribution.
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1. Prior results: from [1], ∀A, with limn→∞ P(err)
A = 0 requires

NA ≥
log2

(
n
d

)
· (1 + o(1))

I(S; y)

where S denotes the set of items included in a test with outcome y

2. Computing the mutual information: for α = log 2
1−q rewrite as

I (S; y) = H (y)− H (y | S, y), for

H (y)
n→∞−−−→ Hb

(
e−α(1−q)

)
= 1

H (y | S)
n→∞−−−→ EZ∼P(α)

[
Hb

(
qZ)]
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I Rate computations:

1. Achievable rates: RNCOMP(q) ∼ (1− θ) · (1− q)

2. Converse rates: RCONV(q) ∼ 1− EZ∼P(α)

[
Hb

(
qZ)]

I Optimality in high noise: for α = log 2
1−q

lim
q→1

RCONV(q) ∈ O(1− q)

lim
q→1

RNCOMP(q) ∈ Ω(1− q)

I Intuition: increasing the number of items in a test according to α
offsets the noise, with optimal scaling (1− q)−1
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I Main results: in the high noise regime,

1. Matching achievable and converse rates up to order

2. Optimal scaling for the average test sparsity α w.r.t. the noise level

I Future directions:

1. Fully characterising the information-theoretic consequences of
dilution noise

2. Thought experiment: consider the case in which a test is repeated
multiple times in dilution noise
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Thank you!
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