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Sparse Linear Regression

Yi = ⟨xi, β⟩ + wi , for i ∈ [n]

where
xi

i.i.d∼ N (0, 1)

wi
i.i.d∼ N (0, σ2)

β ∈ {0, 1}p uniformly k-sparse

Goal: Exact recovery of β w.h.p as p → ∞

Associated Detection Problem

Q :

xi
yi

 =

 xi√
k/σ2 + 1 wi



P :

xi
yi

 =

 xi

⟨xi, β⟩ + wi



Goal: Construct a function f such that
f (y) p→∞−−−−→ 1 under P, f (y) p→∞−−−−→ 0 under Q.

The Low Degree Method

Neyman-Pearson Lemma (Informal):
L(y) = dP

dQ
(y) is the “optimal” test statistic.

Low-Degree Conjecture [1] (Informal):
P≤DL(y) is the “optimal” computationally bounded test statistic.

If E
Q
(P≤DL(y))2 is bounded for D ∼ logn, then no poly-time algorithms exist.

E
Q
(P≤DL(y))2 ≤ E

β(1),β(2)

exp
(
⟨β(1), β(2)⟩(1− 2θ) log p

)
+

Polynomial-time reduction to recovery

Achievability

Column Correlation Algorithm (CORR) [2]

β̂j = 1

{
⟨Xj, y⟩
∥y∥2

≥ τ
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Statistical-to-Computational Gap

When k ∈ o(pθ) for θ ∈ [0, 1/2],

nIT =
2k log p

log (1+k/σ2)

nLD = (1− 2θ)(k + σ
2) log p

n

Low-Degree Hard [3]

nCORR ≈ nLASSO = (2k + σ
2) log p

Approximate Recovery [2]

Exact Recovery

Information-Theoretically Impossible [4]
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